An exact and fast analytic method based on power series is established to predict the modal field distributions, Petermann-2 spot size, the normalized propagation constant corresponding to fundamental and first higher order mode in graded index fibers with any arbitrary power law profile. The variation of normalized cut-off frequencies of some LP lm modes in graded index fibers with different profile exponents are also shown here and an empirical relation between them is determined.
Introduction
First few modes of graded index fiber find some important applications in the field of optical communication in recent times. LP 11 mode was used to design fiber sensors to separate temperature variation from longitudinal strain by intermodal interference [1] . Optical fiber mode filters in dual mode transmission system have also been developed using LP 01 -LP 11 modes [2] . As a wavelength filter, the LP 01 -LP 11 mode coupler offers much narrower spectral width than a coupler whose constituent fibers are single-mode. This coupler may also be used as a mode converter for dispersion compensation application [3] . The transmission characteristics of dual mode and dual polarization of CO-OFDM system are studied using LP 01 -LP 11 mode [4, 5] . In recent times, there is considerable effort on developing few mode fibers to enhance the system capacity based on mode division multiplexing and multiple-input multiple-output digital signal processing [6] [7] [8] .
Earlier, graded index fibers were analyzed numerically with beam propagation method [9] , finite difference method [10] , matrix methods [11] etc. to study their modal properties and various propagation characteristics. Beam propagation method, finite difference, finite element methods involve complex algorithms; moreover, these are inaccurate as one approaches cut-off region.
Matrix methods are problematic for profiles with sharp index difference. In the literature, there are some approximate analytic methods also like variational analysis [12, 13] , Chebyshev power series method [14, 15] etc. The analytic methods involve cumbersome algebraic calculations followed by some computation; due to approximations these methods are not so accurate. There are some works based on direct power series method [16, 17] solution but those were confined to the fundamental mode only.
In this paper, our approach is to apply the power series method (PSM) in a most general way to solve the wave equation for graded index fiber. For step index fiber (SIF), the modal solutions of Helmholtz equation are Bessel's functions arising from recursion relations in power series method. We have shown that for graded index fiber also, one can find a simple series solution with the recursion relation slightly modified and the derived series is also convergent. Depending on the power exponent value, one part of the recursion relation is different; the rest is the same as in Bessel function.
We have solved scalar Helmholtz equation governing the power flow in a graded index waveguide by deriving general recursion relations for any mode, any arbitrary profile exponent and developing a simple algorithm. Since the current interest is in Two Mode Fibers where LP 01 and LP 11 modes both exist, it is important to find the range within which these modes can exist. We have compared our data with one analytic method like Chebyshev Power Series (CPS) technique, as it is already established as an approximate analytic method for the calculation of different propagation characteristics of graded index fiber in LP 01 and LP 11 mode [14, 15] . We found that Chebyshev technique results are in close accordance with our values. It is clear from our results and comparison of computation time with Chebyshev technique, that, PSM is one accurate, fast and simple method for the determination of modal fields and related quantities of a graded index fiber with any arbitrary geometric profile function.
We have studied modal field distributions, Petermann-2 spot size, normalized propagation constants, cut-off frequencies for LP 01 -LP 11 modes. Earlier works on cut-off frequency calculations based on matrix method [18] , perturbation method [19] and variational method [20] , are compared with our approach. The calculation of cut-off frequency by PSM shown in this paper proves to be an exact method in comparison to earlier methods.
In Section 2, we have shown the necessary recursion relations while solving the Helmholtz equation with PSM, incorporating the role of the profile exponent. Results are shown in Section 3. In Section 3.1, we have shown the modal field distribution of LP 01 and LP 11 modes for a particular normalized frequency and also presented the values of Petermann-2 spot size. In Section 3.2, the dependence of normalized propagation constant on normalized frequencies has been illustrated for LP 01 -LP 11 modes. In Section 3.3, we have shown the variation of normalized cut-off frequencies with profile exponent values using PSM. In Section 3.4, we have compared our LP 11 mode cut-off frequency data with results existing in literature and in Section 3.5, we have derived a convenient empirical formula relating the above two quantities.
Theory

Modal Solution in an Optical Fiber
In the weakly-guiding approximation, Helmholtz Equation governing light propagation in an optical fiber is [21] 
where R r a  , r is radial co-ordinate, a is core radius; is the refractive index distribution in the fiber;
,  is free space wavelength;  is the propagation constant; l is a parameter coming from the azimuthal part after separation of variables.
is any transverse field component, either E-field or H-field.

In fibers with graded index core, falls from n 1 -the refractive index value on the axis of the fiber to n 2 -the refractive index value at the core-cladding interface. Then
f R gives the shape of the core index profile. The distribution 1 q  is called triangular profile; 2 q  is called parabolic profile. q   stands for uniform core with index n 1 ; when the cladding index is uniform (having the refractive index value n 2 ) as in our case, it is a step index fiber. The power or exponent q of R setting the profile shape is very important in fibers allowing more than one mode to propagate. It controls numerical aperture, intermodal dispersion, zero dispersion wavelength etc. in multimode fibers.
 
n R is defined as in (2), (1) 
where
V k a n n   . V is called normalized frequency and U is called normalized propagation constant. Equations (1) or (3) has two linearly independent solutions. For a particular l, the solutions are denoted as LP lm .
The mode with highest  is the fundamental mode, denoted as LP 01 mode. LP 11 is the next higher order mode. Within the core, one has to find the solution of (3)
Outside the core i.e. in the cladding,   1
where . The solution of (4) 
satisfies the following boundary conditions at the interface between region I and region II that is at R  :
Power Series Method
Using power series technique, , the solution of (3) in region I, can be expanded in the following form 
2)
where . Evidently, for even q, all the odd coefficients are zero. For odd q, the odd coefficients are zero up to ; all the coefficients are non-zero for . 2 2
Using the standard recurrence relation for the modified Bessel function, one gets at 1
To find out the value of unknown W, the above equation is to be solved at the interface for a given value of V, starting with an initial value of W. Then the values of all coefficients are known from (7)- (8) . Putting these values in (6) we get :
The Petermann-2 spot size is given by:
The normalized propagation constant is defined as 2 2
The normalized cutoff frequency c V is an important characteristic of a fiber as it demarcates between the range of one mode and its next higher mode. The cut-off condition of a mode is or . 
Results and Discussions
Using PSM, we first solved the second order Helmholtz Equation (3) keeping l non-zero so as to get a general solution for any mode and considering different profile exponents both odd and even. Then using this solution we obtained different waveguide parameters like Petermann-2 spot size, normalized propagation constant, normalized cutoff frequency etc.
To find unknown W, we start with an initial value of W for a normalized frequency V and a particular profile exponent q. We evaluate the coefficients from recursion relation (7)- (8); that gives and at R = 1. This is matched with
In Section 3.1, we have shown the modal field distributions for LP 01 -LP 11 modes and determined Petermann-2 spot size which is a measure of the spread of the fields around the axis.
In Section 3.2, we have shown the variation of the normalized propagation constant b with normalized frequency V; this gives an idea about the dispersion in the fiber.
To find normalized cut-off frequencies, we evaluate   R  and   R   at 1 R  using recursion relations (7)-(8) and putting U V  . We have compared our results with those obtained by Chebyshev method already reported in our earlier paper [15] . It was shown there that the values of propagation characteristics of LP 11 Figures 1(a) and (b) ). 
Variation of Normalized Propagation Constant with the Normalized Frequency
From the figures, it can be concluded that as the value of q increases the radial fields of both the modes fall more rapidly inside the core for lower values of q. For both the modes , the curves are found to spread outward in the cladding region as q value decreases.
An important parameter that is connected with the normalized propagation constant b is the cut-off normalized frequency V; the condition b = 0 (i.e. when The Petermann-2 spot size is one of the important characteristics of graded index fiber as it can be used to determine some quantities like splice loss etc.; it is obtained using the modal fields . Tables 1(a) and (b) show the values of W P2 for different q corresponding to LP 01 and LP 11 modes in graded index fiber.
Petermann-2 spot size decreases more rapidly with increase in V for lower q values. In LP 01 mode, this parameter is almost independent of q at V = 3.5; for LP 11 mode, it is almost independent at V = 6.
It was also observed that even for q as high as 200; the profile is far from step index. To get the results for SIF with power series, one has to put in (8) (a) 
Comparison of Cut-Off Frequency Data
In this section, we compare our cut-off frequency results of LP 11 mode for different q with the results existing in literature.
From all these data in Table 4 , it is evident that this direct power series method provides accurate results for all power-law profiles in graded index fiber.
Empirical Fit of q-V c Data
We have tried an empirical form of the following type to 5(a) and (b) and Figures 3(a) and (b) .
We have evaluated the values of V c using the empirical form (13) considering three and four parameters separately for two LP lm modes taking different q. From Tables 5(a) and (b), it is clear that the results obtained fit best with three parameters for LP 11 
Conclusion
We have established a general power series method for graded index fibers with a power law profile. It is based on modification of the recursion relations in power series solution of Bessel's equation and an algorithm to find the co-efficients of the series. Finding the solution comes down to constructing the series with only a simple summation. Here the method has been employed to calculate the propagation characteristics and the cut-off frequencies for graded index fibers of different core index distributions. This method is, no doubt, an accurate one-it has no approximations. It does not pose problems near cut-off or in case of sharp discontinuity. The only care one has to take is the convergence of the series for different q value. As q increases, number of terms to be kept in the series expansion required for convergence increases.
